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Consider the one-dimensional nonautonomous neutral differential equation
d  Ž . Ž Ž Ž ... Ž Ž Ž ...  .x t  f t, x p t  g t, x q t  0, t t , where p, q : t ,  R are0 0dt
Ž . Ž . Ž .continuous and strictly increasing, p t  t, q t  t for all t t , and xg t, x  00
for t t , x	 R. In this paper, the authors obtain sufficient conditions for the0
zero solution of this equation with unbounded delay to be uniformly stable as well
as asymptotically stable.  2001 Academic Press
Key Words: neutral equation; uniform stability; asymptotic stability; unbounded
delay.
1. INTRODUCTION
Consider the following neutral delay differential equation
d
x t  f t , x p t  g t , x q t  0, 1.1Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž .
dt
where t t . It is assumed throughout this paper that0
Ž .  . Ž .a p, q : t ,  R are continuous and strictly increasing, p t 0
Ž . Ž . Ž .t, q t  t for t t , and lim p t  , lim q t  .0 t t
Ž . Ž . . Ž . Ž .b f , g	 C t ,  R, R , f t, 0  0, g t, 0  0 for t t .0 0
Ž . Ž . Ž .c xg t, x  0 for x	 R. By a solution of 1.1 , we mean a function
Ž . Ž .  .x t that is continuous and satisfies 1.1 on t, for some t t .0
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Ž . Ž .When f t, x  0, Eq. 1.1 reduces to the nonneutral equation
dx tŽ .
 g t , x q t  0, 1.2Ž . Ž .Ž .Ž .
dt
3whose -stability of the zero solution has been extensively investigated. We2
  Ž .refer the reader to 14 . In particular, when t q t is not bounded, the
Ž .  stability of Eq. 1.2 has been shown in 3, 4 . However, very little is known
Ž . Ž . Ž .about the stability of Eq. 1.1 . When t p t   and t q t   , Eq.
Ž .1.1 reduces to the equation
d
x t  f t , x t   g t , x t   0, t t . 1.3Ž . Ž . Ž . Ž .Ž . Ž . 0dt
 In 5 , Yu Jianshe has shown the following results.
   .THEOREM A 5 . Assume that there are 	 0, 1 and H 0 such that
2   f t , x 
  x and xg t , x 
Q t x , t t , x H 1.4Ž . Ž . Ž . Ž .0
and that
3t
2 2   Q s ds
 , t t . 1.5Ž . Ž . Ž .H 02t
Ž .Then the zero solution of Eq. 1.3 is uniformly stable.
  Ž .THEOREM B 5 . Assume that 1.4 holds. Also assume that





 2 2   sup Q s ds .Ž . Ž .H 2ttt0
Ž .Then the zero solution of Eq. 1.3 is asymptotically stable.
Ž . Ž .In this paper, we consider the case where t p t and t q t are
Ž .unbounded. We will show that the zero solution of 1.1 is stable, uni-
formly stable, and asymptotically stable under some conditions. The results
 in 35 are improved.
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2. STABILITY AND UNIFORM STABILITY
Ž .  Ž . Ž .4 Ž .Let m t min p t , q t . For H 0 and t t , let C t be the set0 H
 Ž . of continuous functions  : m t , t  R such that
   sup  s H .Ž .t
 Ž . s	 m t , t
Ž . Ž . Ž .For t t and 	 C t , we denote by x t; t,  the solution of 1.10 H
Ž . Ž .  Ž . such that x s; t,    s for s	 m t , t . For each t t , let0
p1 t  sup s : p s  t , pk t  p1 pŽ k1. t , k 1, 2, . . . , 4Ž . Ž . Ž . Ž .Ž .
q1 t  sup s : q s  t , q2 t  q1 q1 t . 4Ž . Ž . Ž . Ž .Ž .
k Ž .LEMMA 2.1. For each fixed t t , p t   as k .0
Proof. Clearly,
pk t  pŽ k1. t .Ž . Ž .
Suppose there exists a constant c t such that0
lim pk t  c.Ž .
k
k Ž . 1Ž Ž k1.Ž .. 1Ž .Letting k  in p t  p p t , we have c p c , which
Ž .contradicts p t  t for t t . Therefore, the proof is complete.0
 .LEMMA 2.2. Assume that there are 	 0, 1 and H 0 such that
2   f t , x 
  x and xg t , x 
Q t x , t t , x H 2.1Ž . Ž . Ž . Ž .0
kŽ . Ž . Ž .and that for t t , 	 C t , and t
 t
 p t , eery solution of 1.10 H
 Ž . satisfies x t; t,  H, where k	N. Then
tk k x t ; t ,  
 2 1  exp Q s ds, t	 t , p t . 2.2Ž . Ž . Ž . Ž .Ž . H
t
1Ž . Ž . Ž .Proof. For t
 t
 p t , we have by 1.1 and 2.1 ,
t




  x p t  x t   x p t  Q s x q s dsŽ . Ž . Ž . Ž . Ž .Ž . Ž .Ž . H
t
t
       




     x 
 2 1   Q s x ds.Ž . Ž .t t H s
t
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 By Gronwall’s inequality with respect to  , we obtaint
t
   x 
 2 1  exp Q s ds.Ž . Ž .t t H
t
Also, the same argument implies the estimate
t 1   x 
 2 1  exp Q s ds, t	 t , t	
 t
 p t	 . 2.3Ž . Ž . Ž . Ž .t t 	 H
t	
Ž . Ž .Next we prove 2.2 . We know 2.2 is true for k 1. Assume that it is true
1 Žk1.Ž . Ž .for some k 1. If p t 
 t
 p t , the induction hypothesis and
Ž .2.3 imply
t
   x 
 2 1 x exp Q s dsŽ . Ž .t pŽ t . H
Ž .p t
Ž . tp tk  
 2 1 2 1  exp Q s ds  exp Q s dsŽ . Ž . Ž . Ž .t H H
Ž .t p t
tk1   2 1   exp Q s ds.Ž . Ž .t H
t
So the lemma is proved.
Ž .THEOREM 2.1. Suppose that 2.1 holds, and that
3t
2 2   Q s ds
 , t t . 2.4Ž . Ž . Ž .H 02Ž .q t
Ž .Then the zero solution of 1.1 is stable.
Ž .Proof. For any 
	 0, H and t t , by Lemma 2.1, there must exist0
some k	N such that
k 2p t  q t . 2.5Ž . Ž . Ž .
ŽŽ . Ž .Ž .k . 2 Let  1  
 1  2 1 e , where
t
 2 2   sup Q s ds.Ž . Ž .H
Ž .q ttt0
Ž Ž .  Ž ..We will prove that for any t t , 	 C m t , t , ,  implies0
x t ; t ,   
 , t t . 2.6Ž .Ž .
Ž . Ž .For convenience, in the sequel we denote x t  x t; t,  and always set
z t  x t  f t , x p t . 2.7Ž . Ž . Ž . Ž .Ž .Ž .
We will first prove that
2x t  
 , t	 t , q t . 2.8Ž . Ž . Ž .
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2 Ž . Ž .In fact, for t	 t, q t , it follows from 2.5 and Lemma 2.2 that
tk  x t 
 2 1  exp Q s dsŽ . Ž . Ž .H
t
1 tŽ .k q t  2 1  exp Q s ds  exp Q s dsŽ . Ž . Ž .H H
1Ž .t q t
k 2 
 2 1  e ,Ž .
and
1 
 x t  
 
 for    .Ž .
1 
Ž . Ž .Thus 2.8 holds. Next we return to the proof of 2.6 . By way of contradic-
Ž . Ž .tion, we assume that 2.6 is not true. Then by 2.8 there must be some
2 Ž .  Ž .   Ž . T q t such that x T  
 and x t  
 for t t T. Without loss
Ž .of generality, we may suppose x T  
 . Thus, we have
z T  x T  f T , x p T  1  
 0. 2.9Ž . Ž . Ž . Ž . Ž .Ž .Ž .
Again since
2 2 2 2z q t  x q t  f q t , x p q tŽ . Ž . Ž . Ž .Ž . Ž . Ž .Ž .Ž .
1  1  1 
2 
  x p q t  
 Ž .Ž .Ž .
1  1  1 
 1  

 z T ,Ž . Ž .
2Ž Ž .  Ž .it follows that there exists  	 q t , T such that z  
2Ž . Ž . Ž . Ž . Ž .2max z t and z   z t for q t  t  . By 2.4 , we seeq Ž t .
 t
T
that 2 1, and so
x   z   f  , x p   z T  
 1 2 
 0.Ž . Ž . Ž . Ž . Ž .Ž .Ž .
Ž Ž .. Ž Ž ..Next we prove x q  
 0. Otherwise, x q   0. Thus there is some
Ž . Ž Ž . Ž ..h 0 such that x t  0 for t	 q   h, q  . That is,
x q t  0, t	 q1 q   h ,  .Ž . Ž .Ž . Ž .Ž .
Ž . Ž .By 1.1 and xg t, x  0, we have
z t g t , x q t 
 0, t	 q1 q   h , Ž . Ž . Ž .Ž . Ž .Ž .˙ Ž .
Ž Ž ..which contradicts the definition of  . So x q  
 0. Hence there exists
 Ž . . Ž . Ž . Ž .T 	 q  ,  such that x T  0. By 1.1 and 2.1 , we know0 0




 T . 2.10Ž . Ž . Ž . Ž .Ž .Ž .˙
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 . Ž . Ž .Since t	 T ,  implies q t 
 T , we have by integrating 2.10 from0 0
Ž .q t to T .0
T0z T  z q t 
 
 Q s ds.Ž . Ž . Ž .Ž . H0
Ž .q t
That is,
T0x q t 
 
 2 Q s ds , T 
 t
  .Ž . Ž .Ž . H 0
Ž .q t
Ž Ž .. Ž .If x q t 
 0, then by 2.1 we have
T0g t , x q t 
Q t 
 2 Q s ds , T 
 t
  . 2.11Ž . Ž . Ž . Ž .Ž .Ž . H 0
Ž .q t




Q t 2 Q s ds , T 
 t
  . 2.12Ž . Ž . Ž . Ž .˙ H 0
Ž .q t
Ž . Ž .Since T  q  , we have by 2.40
3
2 2   Q s ds
 .Ž . Ž .H 2T0
The proof will be complete if we can conclude that
z T 
 z   1  
 ,Ž . Ž . Ž .
Ž .which is due to the contradiction to 2.9 . There are two possible cases.
 Ž . Ž .Case 1. 2 H Q s ds
 1. By integrating 2.12 from T to  , weT 00
have
 T0z  
 z T  
 Q t 2 Q s ds dtŽ . Ž . Ž . Ž .H H0
Ž .T q t0
f T , x p TŽ .Ž .Ž .0 0
 t t
 
 Q t 2 Q s ds Q s ds dtŽ . Ž . Ž .H H H





 Q t  2 1   Q s ds dtŽ . Ž . Ž .H H2T T0 0
23 1 
 
   2 1  Q t dt Q t dt .Ž . Ž . Ž .H Hž / ž /2 2T T0 0
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3 1 2Ž Ž ..Noting that the function   2 1  x x is increasing on2 2
Ž .x	 0, 1 2 , we have
3 1 2z  
 
   2 1  1 2  1 2  1  
 .Ž . Ž . Ž . Ž . Ž .ž /2 2
 Ž . Ž .Case 2. 2 H Q s ds 1. Since 2 1, there exists T 	 T , T 1 00
 Ž . Ž .such that 2 H Q s ds 1. Integrating first 2.10 from T to T andT 0 11
Ž .then 2.12 from T to  , we have1
T  T1 0z  
 z T  
 Q t dt 
 Q t 2 Q s ds dtŽ . Ž . Ž . Ž . Ž .H H H0
Ž .T T q t0 1
 T T1 1
 
 
 Q t dt Q s ds 2
 Q s dsŽ . Ž . Ž .H H H
T T T1 0 0
 T0 
 Q t 2 Q s ds dtŽ . Ž .H H
Ž .T q t1
T  T1 1 
  2 1 2  2 Q s ds Q t Q s ds dtŽ . Ž . Ž . Ž .H H H




 3 4  2 1 2 Q s dsŽ . Ž .Hž /T0
3 t




  2  2 2 Ž .ž /2
3 1 2  2 2  1 2  1 2Ž . Ž . Ž .ž /2 2
 1  
 .Ž .
Therefore, the proof is complete.
Ž . Ž .THEOREM 2.2. Assume that 2.1 and 2.4 hold, and there exists k	N
such that
pk t  q2 t for t t . 2.13Ž . Ž . Ž .0
Ž .Then the zero solution of 1.1 is uniformly stable.
Ž .Proof. By 2.13 and the proof of Theorem 2.1, we see  is independent
Ž .of t. So the zero solution of 1.1 is uniformly stable.
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Ž . Ž .Remark 2.1. When t p t   , t q t   , there must exist k	N
k Ž . 2 Ž . k Ž .such that k 2 . So p t  t k 2 q t  t. That is, p t
2 Ž . Ž . q t for t t . Therefore 2.13 is satisfied. Clearly, Theorem 2.20
 contains Theorem A 5 .
Ž . Ž . Ž . Ž .COROLLARY 2.1. Assume that 2.1 and 2.4 hold. If p t 
 q t for
Ž .t t , then the zero solution of 1.1 is uniformly stable.0
Ž . Ž . 2 Ž . 2 Ž .Proof. If p t 
 q t , then there exists k 2 such that p t  q t
Ž .for t t . By Theorem 2.2, we know the zero solution of 1.1 is uniformly0
stable.
3. ASYMPTOTIC STABILITY
Ž . Ž . Ž .THEOREM 3.1. Assume that 2.1 , 2.4 , and 2.13 hold. Also assume
that





 2 2   sup Q s ds . 3.2Ž . Ž . Ž .H 2Ž .q ttt0
Ž .Then the zero solution of 1.1 is asymptotically stable.
Proof. The proof can be supplied by modifying the arguments used in
 5, pp. 453456 and is omitted.
 Remark 3.1. It is easy to see that Theorem 3.1 contains Theorem B 5 .
Finally we give an example. Consider the scalar equation
d t 1 t
x t  cx  x  0, 3.3Ž . Ž .ž / ž /dx 2 t 1 2
3    Ž  .where c  1 and t 0. It is shown that if 2 c 2 c  ln 2
 , then2
3Ž .   Ž  .the zero solution of 3.3 is uniformly stable. If 2 c 2 c  ln 2 ,2
Ž .then the zero solution of 3.3 is asymptotically stable.
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